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ABSTRACT

Fully cloudy stratocumulus layers sometimes exhibit convective organization at a single domi-
nant length scale with an aspect ratio (width/height) ~ 1. We present a linear stability analysis
of a radiatively-cooled cloud beneath a capping inversion and show that small aspect ratio
modes are energetically favored over a broad range of inversion strengths and cooling depths.
The integrated mode energy budgets indicate that, given a vertically limited region of radiative
cooling, highly dissipative, localized convective modes can grow through efficient buoyancy
production beneath the inversion. Including the effect of decoupling on the sub-cloud layer
enhances this scale selection, but as the depth of the unstable layer is increased beyond 20 % of
the boundary layer depth, the critical Rayleigh number and the aspect ratio of the fastest
growing mode approach that of a layer capped by a no-slip rigid lid.

1. Introduction

A series of observations has shown that convec-
tive plumes of descending cold air produced by
radiative cooling at cloud top tend to be spaced at
regular intervals in some stratocumulus clouds.
Nicholls and Leighton (1986) observed hexa-
gonally shaped patterns in the top of a solid sheet
of stratocumulus cloud with a horizontal length
scale of ~ 1 km and an aspect ratio (width/height)
of approximately one. Balloon observations by
Caughey and Kitchen (1984) show regularly
spaced downdrafts near cloud base with a hori-
zontal spacing of 500~750 m and an aspect ratio of
0.5-0.75 (see Fig. 1). Nicholls (1989) reported the
observation of conditionally sampled downdrafts
in five flights through solid stratocumulus cloud,
and showed that the downdraft spacing was con-
sistent with horizontal penetrations through a
randomly oriented field of hexagonal cells with a
mean aspect ratio of 0.5 to 0.75. This length scale
is also typical of the plume spacing found in large-
eddy simulations of stratocumulus convection
driven by a combination of cloud-top cooling and
surface fluxes {(Moeng and Schuman, 1991a).
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While gravity waves trapped in the inversion
layer may produce wave-like features at cloud top
(Carruthers and Moeng, 1986), the three-dimen-
sional character of the patterns seen by Nicholls
suggests that convective scale selection can also
play a role. Theoretical and laboratory studies of
parallel plate convection have shown that the
stability of a quiescent base state to infinitesimal
perturbations can yield useful information about
the preferred aspect ratio and vertical mode profile
of finite amplitude perturbations. A radiatively
cooled stratocumulus cloud is substantially more
complicated than any laboratory analog, but the
observed convective regularity indicates that a
coherent circulation can at times dominate in these
clouds. We will assume here that the laboratory
model of growing perturbations on a marginally
unstable base state has validity for at least some
instances of radiatively driven convection at cloud
top, and will focus on the influence exerted by a
cloud top inversion on the most rapidly growing
linear modes.

Below we develop linearized equations for the
energy and velocity perturbations, given an inver-
sion-capped base state that is unstable over a
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Fig. 1. (a) Tethered balloon measurements of 7", w', and
T’'w’ near cloud base on 26 October 1977, at 1800 hours
local time (GMT). One minute ~400 m (from Caughy
and Kitchen, 1984, reprinted courtesy of the Royal
Meteorological Society).

vertically limited region near cloud top. The per-
turbation equations include the thermodynamic
effect of vertical transitions between cloud and clear
air. Our objective is to show how an overlying
stable layer can suppress radiatively-driven con-
vection at scales larger than the layer depth, and
promote convection at the length scales observed
by Caughey and Kitchen (1984) and Nicholls
(1989). The depth of the radiatively cooled layer,
the inversion strength and the vertical profile of
cloud water are interdependent, but we will use
sensitivity tests to demonstrate that small aspect-
ratio convective modes are favored over a broad
range of realistic values of these parameters. We
will also use the volume- integrated energy budgets
for growing modes to understand why the preferred
aspect ratio for convection beneath an inversion is
roughly one third the size of that for convection
beneath a stress-free rigid lid.
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In Section 2 we present the linearized Bousinesq
equations for a radiatively cooled cloud layer,
and discuss the representation of small-scale tur-
bulence and moist thermodynamics. Section 3 con-
tains sensitivity studies of the linear stability of the
base state: (1) as a rigid lid is replaced by a cloud-
top inversion and the depth of the unstable layer is
varied; (2) as the inversion strength and thickness
are changed; (3) as the cloud thickness is varied.
Section 4 contains a discussion of these results.

2. Equations

2.1. Momentum
The Boussinesq equations are valid for the
shallow convection (&~ 1km) considered here
(Mahrt, 1986; Bretherton, 1987). We define the
buoyancy, b, relative to an adiabatic reference
state in hydrostatic equilibrium with density 5(z):
—p(z)

b__ __’

Po

(1)

where p, is a constant reference density and g is
the acceleration of gravity. Denoting perturbations
by primes and dimensional variables by hats, and
neglecting the effects of rotation, the continuity
equations for mass and momentum become:

o i
momentum : Y —B i

+Bk+(VoyV)§ (2)
continuity : V.#=0 (3)

Here = is pressure, the bold characters are vectors,
v=ui+ v+ wk is the velocity and D/Dt is the
total derivative with respect to time.

2.2. Viscosity parameterization

We assume in (2) that the effects of turbulence
on scales smaller than the perturbation scale are
independent of the perturbations, and can be
parameterized by an eddy viscosity v (and, for
energy and water, an eddy diffusivity x). This
assumption is made by most investigators, both
because it preserves the correspondence with
laboratory convection, and because there is little
observational evidence to suggest an alternative
assumption. Above the cloud, in the stably
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stratified inversion, the eddy diffusivity is usually
assumed to approach zero (e.g., Koragin and
Rogers, 1990). We will model the vertical tran-
sition from cloud layer to the stably stratified
inversion by writing v=vyv(z), Kk =kKk(2),
where v, K, are constant below the inversion, and
Vs, k; are functions which decrease rapidly across
the inversion.

Non-dimensionalization will remove v, and x,
(but not the Prandt] number Pr =v,/k,) from the
linear analysis, and their magnitudes need to be
considered only when we consider growing modes
(Subsection 3.3.2) or try to estimate the actual
Rayleigh number regime of the boundary layer
(Subsection 4). Following Roach et al. (1982) and
Laufersweiler and Shirer (1989) we can infer a
value for the eddy diffusivity v, due to turbulence
on scales smaller than those of the convective
eddies we are interested in (with dominant length
scales of 500-1000 m), using the similarity relation:

(4)

where ¢ is the dissipation rate and 4 is the length
scale. We will need to parameterize the effect
on the convective modes of dissipation at length
scales below about 200 m; using observed values of
ex~107°m?s~% and Ax100-200m (Caughey
etal, 1982) gives eddy diffusivities in the range
3-8 m?s~!. We will assume Pr=1, vy,=5m?s~!
when needed in the discussion below.

Vo =8“/3)(/l)(4/3)/15,

2.3. Energy and water perturbations

We will focus on a cloud layer dominated by
radiative flux divergence at cloud top, with
small surface fluxes of sensible and latent heat.
In such a layer the buoyancy perturbation, ' can
be expressed in terms of perturbations of two
variables conserved for moist adiabatic processes
in the absence of precipitation: the moist static
energy §,, and the total water mixing ratio #r.
These are defined as:

Sm=c, T+ LF, + g2, )

fT=fv+fl

where ¢, is the heat capacity of moist air, L the
latent heat at temperature T, g2 the gravitational
potential energy and 7, 7, the vapor and liquid
mixing ratios. For a cloud with net radiative
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flux divergence H(%)= —(1/p)dE,/d? the two
variables obey the conservation equations:

D, .~ - .
Dl—(V-xV)sm+H, (6)
Dfy o~ o

T)TT=(V'KV)rT1 (7)

where « is the eddy diffusivity of energy and water.
Although a precipitation source/sink could be
included in (7), we will limit our analysis to non-
precipitating clouds in this study.

We assume a horizontally uniform, saturated
cloud layer with 7#,=F,, so that the only transi-
tions between clear and cloudy air occur at cloud
top (£,) and cloud base (%,). With these assump-
tions the buoyancy perturbations & of (2) can be
related to perturbations in §,, and 71 through the
virtual temperature 7, or virtual dry static energy,
§, (e.g., Randall, 1980):

U T Y 4
b ~gTvo_gSvo~Svo

(B18m + B2 LF7), (8)
where T, =T(1+0617,—#), §,=c,T, and the
subscript , denotes a reference base state.

The coefficients B,, f, are weak functions of
temperature and pressure and non-linear functions
of parcel saturation. Defining the derivative
y=dr,/dT gives:

P _(1+161Tyy)
Y1+ (L) y

B= “CPTO

0.6

=~ —0.1

(9

saturated perturbations,

B1=1
ﬂ2=(0.61 f%—l)z —09

unsaturated perturbations. (10)

Where the approximate numerical values of the
coefficients are chosen for a base-state T, of 280 K
and m, of 950 hPa.

We seek to capture some of the important ther-
modynamic features represented by (8), (9) and
(10) in a linear stability analysis. A linear represen-
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tation of (9) and (10) can be obtained by assuming
that buoyancy, moist static energy, and water
perturbations are proportional to one another,
with a proportionality constant « that varies with
height in the layer, i.e.,

S,=a(z) Sy (11)

To determine the vertical dependence of a, we
consider the relationship between perturbations of
virtual static energy, moist static energy, and total
water in a representative stratocumulus cloud
driven by cloud top cooling. Models and observa-
tions (e.g., Moeng, 1986; Nicholls and Leighton,
1986, Moyer and Young, 1991; Moeng and
Schumann, 1991a) indicate that towards the top of
a radiatively-driven entraining cloud layer, the
energy and water fluxes w's},, Lw'r’; produced by
cool, comparatively dry downdrafts and compen-
sating warm, moist updrafts are positive and
roughly equal, with the water flux Lm decreas-
ing linearly below cloud top through the cloud and
sub-cloud layers, and the buoyancy flux w's), often
falling to zero at cloud base. Although the water
flux is potentially large within cloud, the values
of f,~0.6, f,~ —0.1 given in (9) indicate that
total water perturbations produce a relatively
small contribution to the buoyancy flux, for typical
water and energy fluxes. In the subsaturated air
below cloud the coefficients change to f,~1,
B, =~ —0.9 as the effect of phase change is removed.
Here radiative heating and the shift from saturated
to subsaturated thermodynamics can act to push
w's,, to zero at cloudbase and decouple the cloud
from the surface moisture flux (Turton and
Nicholls, 1987). In contrast, above cloud in the dry
inversion the strong, positive temperature gradient
dominates, producing a negative buoyancy flux
which damps velocity perturbations in the stable
layer.

While this three-layer parameterization can cap-
ture only part of the non-linear thermodynamics
that accompany entrainment and phase change, it
does offer a way to represent the sharp vertical
transition in the partitioning of energy perturba-
tions into buoyancy and phase change at cloud top
and base.

Summarizing values of a appropriate to the
cloud, sub-cloud, and inversion layers:

Within cloud: The B values used in (9) suggest
%goua X 0.5, which will hold approximately as long
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as the layer perturbations satisfy Lry <s,,. With
this value of a4, energy perturbations are parti-
tioned evenly between temperature change and
phase change.

Below cloud: o, q0ug ®0. For the special case
of a decoupled cloud layer, which is frequently
observed in the late-afternoon marine boundary
layer, we force the buoyancy flux to zero below
cloud base. We test the sensitivity of the layer
stability to cloud thickness under this assumption
in Subsection 3.4.

Above cloud: & ersion = 1. In the subsaturated
inversion the virtual static energy is approximately
conserved, and both the virtual and moist energy
perturbations are dominated by strong inversion
gradients, i.e.,

(12)

Eq. (12) suggests a value of

ds /dE

Xinversion = dZ dZ s

which will be in the range & ersion=1-1.5
provided the total water deficit is modest
(1-3 g/kg) in the dry layer. Larger negative
gradients in total water are often observed above
stratocumulus; these can force ds,/dz <0 despite
a strongly stable temperature gradient. The inver-
sion is still absolutely stable in this case, but in the
subsaturated layer B, and f, are of similar
magnitude, and the gradient dr;/dz would have to
be included in (12) when |d5,,/dz| ~ |dr¢/dz].

The use of (11) with these choices for a
eliminates the conservation equation for total
water. In contrast to a “dry cloud” approximation
(e.g., Lilly, 1968), however, the impact of phase
change is retained. Within the cloud, where a(z) =
%aouq X 0.5, half of the energy perturbation is used
to evaporate or condense water, and is unavailable
to change the temperature (or buoyancy). As a
result, more energy is required to produce the
buoyancy deficit needed to initiate and drive con-
vection than in a fluid that doesn’t undergo phase
change.

Figs. 2a, 2b show profiles of T, r;, 77 and 5, for
the upper portion of a representative cloud layer.
A 230 m thick cloud, with a linear liquid water
profile that is 80% of adiabatic, is capped by a
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A LINEAR STABILITY ANALYSIS OF STRATOCUMULUS CONVECTION

r (g/kg) (dotted)
0.0 0.10  0.20 72 76

263

rr (g/kg) (dotted)

8.0 0.8

FU

8.4

0.0 0.4

—_

a
‘ 1.14

0.71

0.6

b)

1H

10 11 12 13 14 15 40
T (°C) (solid)

39

sm/Cp (°C) (solid)

0.8
o (dashed), v, xf (dotted)

41 42 0.0 0.4

Fig. 2. Idealized thermodynamic profiles for a stratocumulus cloud. (a) Temperature T (°C, solid), liquid water
mixing ratio r, (g/kg dotted). (b) moist static energy s, /c, (°C, solid), total water mixing ratio rr (g/kg, dotted).
Above cloud inversion strength is f, = 2 x 10 =2 s =2 ¢) shape functions for the thermodynamic coefficient a, (dashed),
and the eddy diffusivity and conductivity v, k; (dotted) with a cloud-top transition of dv;/dz = da,/dz = —100.

temperature inversion of 6 K/100 m, correspond-
ing to a Brunt-Viisila frequency

de,
dz

fbseg ~2x1073s72

In the remainder of the upper layer, this inversion
is relaxed to (l/c,) d§,./dz=0.05K/100 m; the
results presented below are not sensitive to the
strength of the inversion in the upper part of
the domain. The inversion is moderately dry, with
a total moisture decrease of 1.5 g/kg across the
100 m above cloud.

Fig. 2c shows the shape functions «(z) and
v¢ = K that represent the cloud-base and cloud top
transitions in the eddy viscosity/diffusivity and the
moist/dry thermodynamics. These transitions are
fit with matched arctangents; the derivatives
da/dz = dv¢/dz have a non-dimensional value of

Tellus 47A (1995), 2

—100 at z=1.0 in Fig. 2c. This means that, for
example, in a 1000 m deep layer the viscosity shape
function v; varies from 1 to 0 in approximately
10 m. Balloon measurements of the temperature
and turbulence profiles across cloud top indicate
that this is a representative length for the transi-
tion between cloud and inversion (Caughey et al.,
1982). Horizontal undulations in the cloud/inver-
sion interface on scales smaller than the convective
wavelength could produce a deeper effective
transition; we will explore the sensitivity of the
mode stability to f,,, v;, and « in Subsection 3.3
below.

We decompose the thermodynamic variables
into horizontally averaged and perturbation com-
ponents: §,, =5_(z) + §,. We will assume that the
horizontally averaged base state changes slowly
compared with the growth of the initially unstable
modes, and is shaped by the mean radiative heat-
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ing profile and the diffusive action of turbulent
eddies smaller than the perturbations:
(V-xV)3.=-H. (13)
The vertical extent of the unstable layer will be
approximately set by the cooling depth through
(13); we will use an exponential fit to A and
estimate the size of the decay scale in Section 2.4
below. Above cloud we will specify §,, and test the
effects of inversion strength on layer stability.

Subtracting (13) from (6) yields the perturba-
tion equation for the energy:

ar
Ds,

Dt:(V~xV)sm+H.

(14)

The quantity H' consists of perturbations in
absorption or emission within the cloud due to
perturbations in liquid water and cloud tempera-
ture. Bakan (1982) included the effect of radiative
heat exchange and optical depth perturbations in a
linear stability analysis of convection beneath a
rigid lid. He found the radiative interactions to be
small and slightly destabilizing, acting to increase
the critical aspect ratio (width/height of the fastest
growing mode) by ~4 % . Fiedler (1984) included
a linear dependence of the flux divergence on cloud
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Fig. 3. Model fluxes (W m~2) using the exponential
approximation of Hanson and Derr (1987) for net long-
wave (1, = 17 m (solid)), net solar (i, =33 m (dotted)),
and total net upward flux (dot-dashed), for cloud top
fluxes measured at 1:30 GMT (18:30 PDT) on 2 July,
1987. The dots show vertically averaged total net flux
measurements in cloud from NCAR Electra aircraft data,
while the heavy dashed curve is an exponential cooling
profile with 1 =50 m.
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thickness in a stability analysis that coupled cloud
thickness perturbations to both radiative cooling
and the entrainment energetics of the cloud and
inversion, and also found little effect for optically
thick cloud. We will consider only optically thick
(depth greater than 200 m) clouds in the analysis
below and neglect A’ in (14).

2.4. The base state energy profile

We now scale the depth of the cloud-top cooling
layer based on Hansen and Derr’s (1987) param-
eterization of the net-flux profile E,,. They showed
that, within a cloud in which the liquid water
increases linearly with height, £ can be fit by the
sum of three exponential functions with different
vertical decay scales:

EN = EOS + ENI exp (:@)
1

+ Ey, exp (——(%‘u:z—))

+ Ex, (l —exp (————(:{: f))).

The subscripts 1, u, and s denote the contributions
due to long wave radiation in the upper and lower
parts of the cloud and to shortwave radiation at
cloud top, respectively, and %, and 2, are the
heights of cloud top and cloud base. The decay
scales are functions of the total liquid water path
W; for the range 40 g m %< W< 100 g m 2 they
span (m) 4,~80, 30<Ai <40 and 7<4i,<22.
Fig. 3 shows the profiles of long and shortwave net
flux given by (15) for cloud top fluxes matching a
01:30 GMT (18:30 local daylight time) aircraft
sounding (NCAR Electra measurements from the
First ISCCP Regional Experiment (see Albrecht
etal., 1988)). The decay scales for this case
(with W=44gm~2) are: 4,=33m, i,=17m,
A, =77 m. The profiles are characteristic of marine
stratocumulus clouds with cloud bases between
500-700 m: the solar and cloud top long-wave
fluxes are localized in the upper 75 m of the cloud
and move through the course of a day from coun-
teracting heating and cooling at cloud top to
strong cloud top cooling. The cloud base heating,
which depends on cloud base and sea surface
temperatures, varies more slowly over the same
period. Aircraft observations of the total net

(15)
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flux, averaged vertically over 30 m intervals, are
included as dots in Fig. 3. Although the accuracy
of radiometric data from this rolling platform is
questionable, the points suggest that a larger decay
scale may be applicable to this cloud (an expo-
nential E, curve with A=50m is shown for
comparison). We will focus here on radiatively
induced changes to 5, near cloud top produced by
a range of radiative cooling profiles, and assume
that the long and short wave flux divergence and
the eddy diffusion generates an unstable base state
s.(z) with a single decay scale A and an exponen-
tial dependence below the inversion of the form of
(15):

— _ = Adm exp(— (2= 2)/)
T (-ep(=2/0)

Note from (16) that the total energy change across

. (16)

-

0.9 4

0.8 -

N 0.7 A
\
0.6 - i
]
1]
\
——— linear \
059  cee--. exponential '
- piecewise-linear ':
i
\
T T T T
4 08 -06 -04 -02
Sm

Fig. 4. Three forms of the base-state 5. Linear (1= 0)
(solid), exponential (see (16)) with A =20.04, 0.05, 0.06,
0.075, 0.12 (dashed); piecewise-linear (dotted)).
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the boundary layer is given by 5.(2,) —5,(0)=
—AS,,.

We will investigate the effect on perturbation
stability of a base state temperature profile charac-
terized by a single length scale 1 in the range
40 m < / < 120 m in Section 3 below. Fig. 4 shows
this curve family, with 4 non-dimensionalized by
the inversion height z;, as well as a linear (4= o0)
and a piecewise-linear base state. The piecewise-
linear profile permits an analytic solution. It also
provides a check on the sensitivity of the stability
analysis to the details of the profile shape; the
unstable modes found in Section 3 exhibit the
same critical aspect ratios for both exponential
and piecewise-linear base states of similar length
scales.

2.5. Linearized equations with latent heating

We non-dimensionalize (2) and (14) with the
inversion height 2, and the diffusive time 22/x.
From (16) and (8), the total buoyancy difference
between cloud and surface for a base state in which
the instability is confined to the cloud is given
by gAT,/Ty= gxyoug ASm/Sy. This buoyancy
difference is used to non-dimensionalize the
buoyancy perturbation in (2); we will write a(z) as
Xgoua®(z) below. The pressure perturbation is
removed by cross-differentiating the components
of (2) and (3) and subtracting, and the buoyancy
is related to the moist static energy through (8)
and (11), which yields:

<i—vf1>r v2_pydu? ) V2w
ot

dz oz
d2 62 ’
—Pr&”—zr a; =Ra Pr Va5, (17)
0 ) d5m
(a—(V-KrV)>Sm— —FZ—M N (18)

with the Rayleigh and Prandtl numbers given by:

3
Ra= — 8Z¢ Kcloud ASm
SvoVoKo

(19)

Below we set Pr = 1, and k, = v, i.e., the diffusivity
of both momentum and buoyancy will be similarly
restricted by the stable inversion.
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Eqgs. (17) and (18) are separable with solutions
of the form:

[“:,:l = [ wz) :, exp[ot + ik -x],
Sm Sml2)

where o is the growth rate and k = (k,i+k, /),
k* =k2 +k? is the horizontal wavenumber of the
perturbation (planform unspecified). Inserting this
into (17) and (18) gives:

e dvpd\/d>
(O'—prr<a?—k>—Pra'd-z>(d—zi—k w

(20)

2 2
- r%z—v;%z —Ra Prk%s,, (1)
and:
dZ 2 de d
(a—v(<@—k )—-a—a)&‘m
ds_
= ——m,, 22
i (22)

Using (8), (11), (21) and (22), we can write
a single sixth-order ordinary differential equation
inz:

d )y dv 0
(o fi)-2)
d d
x [(a—Pr vf<d—22—k2)>(a?——k2) w

(23)

where the perturbation s (z) is determined from
w(z) and its derivatives through (21), and the
derivative ds,,/dz is found by differentiating (21)
with respect to z. Eq.(23) reduces to the usual
linear stability equation when vy(z) = k(z) =
a¢(z) = 1; the last three terms -on the rhs arise from
diffusion operating on the buoyancy perturbation
b(z)=(z) s,(2).

We will use a rigid, free-slip lower boundary
(w=d?w/dz?>=0 at z,,,), and either a rigid free-
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slip or no-slip (w=dw/dz=0 at z,,) upper
boundary. We also require that the boundaries be
conducting (5,(Z40p) = Sm(Zpor) = 0); from (21) this
is equivalent to:

d*w

T dzt

d3w

2 =0

“bot

(24)

w(zbot) =

Zbot

if the boundary is rigid and free-slip. (Note from
Fig. 2c that dv;/dz =0 at the boundaries.)

Setting o = 0 and solving (23) for the eigenfunc-
tion w(z) (and eigenvalue Ra) as a function of the
wavenumber k gives the neutral stability curve.
Curve values identify the critical Rayleigh number
(Ra,;;) required to initiate convection, and the
non-dimensional wavelength of the smallest Ra,,
gives the aspect ratio of the most unstable mode
(Aerie =2m/k ). We use a shooting technique to
find these eigenvalues, starting at the upper
boundary with values for the perturbation velocity
and its first five derivatives:

wi(ztop) = [Wi(ztop) Wi‘n(ztop) wi'Z)(ztop)

W zZeop) Wi(Ziop)  WI(2i0p) ], (25)
where the superscripts denote the order of the
derivative and the subscript i = (1, 2, 3) indicates
that we use three independent initial conditions to
produce three orthogonal w; vectors. The bound-
ary conditions are met at z,,, for each w;, and the
three solutions are then integrated downward
using a 4th order Runge-Kutta scheme, with Gram-
Schmidt orthoganialization employed at every
step to keep the solutions linearly independent
(Conte, 1969). We require that a linear combina-
tion of these three solutions satisfy the rigid, free-
slip, conducting boundary conditions at z,,. Writ-
ing the coefficients for the linear combination as y,
and explicitly noting the dependence of the solu-
tions on the Ra eigenvalue gives for (24):

Y1Wi(Zpors Ra) + y2w5(2por, Ra)
+73W3(Zoor; Ra) =0,

Y11 (Zvor> Ra) + 7,wE (20, Ra) (26)
+¥3w P (Zper, Ra) =0,

71 (Zooes R) +7,w5 (240, Ra)
+ 73w (2o, Ra) =0,

at a particular wavenumber k.

Tellus 47A (1995), 2



A LINEAR STABILITY ANALYSIS OF STRATOCUMULUS CONVECTION

A solution to (26) exists only if the determinate
of the coefficients of (26) vanishes; to find the
eigenvalue that satisfies this condition (23) is
solved for varying Ra until the three orthogonal
solutions give:

wl(zbot’ Ra) wl(zbot’ Ra) w3(ZboU Ra)

2
wll )(Zbot’ Ra) w(zz)(zbot’ Ra) wg2)(zbot’ Ra)
w{14)(zbot’ Ra) w(24)(zbot’ Ra) wg4)(zbot9 Ra)

=0. 27

The eigenvalue found by solving (27) will be the
critical Rayleigh number Ra_;,. We solve (27) for
a range of aspect ratios to find the minimum Ra,,
and the corresponding a;, of the most unstable
mode. With a linear as, profile (see solid line,
Fig. 4) and free-slip boundaries the minimum Ra is
Rao = 277%/4 = 657; it occurs at a ., =~ 2.8. With
one free-slip and one no-slip boundary and the
same linear base state, convection begins at the
minimum Rayleigh number Ra,_,, =1.7 Ra_,,, at
an aspect ratio a.; & 2.1. Once the eigenvalue is
found, the appropriate ys can be determined from
(26) and vertical profiles can be constructed of
w(z), its derivatives, and, (through (21)) s,,(2).

We can also examine the behavior of growing
modes by fixing Ra at a value larger than the
neutral Ra_;, value found above. In this case the
growth rate ¢ becomes the eigenvalue. We will
show the relation of ¢ to the vertically integrated
profiles of w(z) and s,,(z) in Subsection 2.7.

2.6. Thermal boundary conditions

The impact of partially or completely insulating,
rigid boundaries on the preferred aspect ratio of
parallel-plate convection has been studied by
several investigators (e.g., Hurle et al., 1967). They
found that reducing the thermal diffusivity x for
the solid boundary increases the preferred aspect
ratio of the fastest-growing mode, because the bulk
of the buoyancy change now takes place in a
relatively deep layer within the boundary. The
long horizontal traverse of the convective circula-
tion at the layer top can be made without any
buoyancy loss for a nonconducting boundary, and
large-scale, less dissipative modes will have a
significant advantage. Sasaki (1970) used bound-
ary conditions which included insulation in the
form of a variable Newtonian cooling term at the
upper and lower boundaries. He found signifi-
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cantly larger critical aspect ratios for an insulating
layer, and suggested this as an explanation for
the large aspect ratios (a=15-30) observed in
mesoscale cellular convection.

Below we will identify features of a cloud-capped
inversion that reduce the size of convective modes
to the observed aspect ratio of ~0.5-0.75. For this
reason, comparisons between a realistic inver-
sion and a perfectly conducting rigid lid are
conservative, since, as the studies with partially
conducting boundaries indicate, a conducting
boundary produces the smallest possible convec-
tive mode for a base state capped by a rigid lid. We
will use the conducting rigid lid as a benchmark
against which to test the impact of a cloud-top
inversion on mode aspect ratio in Section 3.

2.7. Mode energy budgets

To highlight the processes governing the scale
selection of the fastest growing mode, it is useful
to look the energy budget of modes forced by
Ra > Ra_;, with eigenvalues ¢ > 0. Taking the dot
product of the linearized version of (2) and the
velocity, and integrating over the vertical domain
and the horizontal wavelength yields the volume
integrated kinetic energy:
—=aEk=f v -gv—dV=Ra PrJ

(N V
ot v ot vad

+Prf o (V- V)0 4V, (28)
v

or, normalizing by E,:

J_Ra Pr
=~

j Wb dV
\%2

P
+E—ZL o (Vv V)0 dV,
(29)
o=jp(z)dz+J‘d(z)dz=P+D.

We will refer to p(z) and d(z) as the buoyancy
production and the dissipation efficiencies, and P
and D (<0) as the integrated production and
dissipation. Note that the pressure perturbation
term in (2) vanishes due to the rigid boundaries at
domain top and bottom.

At fixed Ra and wavenumber k (or aspect
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ratio a), (23) can be solved for the eigenvalue o,
and P and D can be computed for the mode eigen-
functions w(z) and s,(z). We will use (29) to
compare the mechanisms causing mode growth or
damping as we change boundary conditions at a
particular (a, Ra). The maximum growth rate ¢ for
a particular forcing Ra will occur at an aspect ratio
which is a compromise between large dissipation
due to diffusion across the small horizontal and
vertical wavelengths, and low buoyancy produc-
tion at large wavelengths, where significant time is
spent in horizontal transport without energy trans-
fer to the perturbations through the w'ds, /dz
term in (18).

3. Results

The linearized perturbation equation (23)
requires specification of the base state cooling
depth through A, the inversion strength through
the value of ds_/dz, and the inversion thick-
ness through the profiles v, and «,. Clearly these
parameters are tightly coupled; for example Siems
et al. (1993) have used a one dimensional mixed
layer model below a subsiding upper layer to show
the impact of inversion vapor content and sub-
sidence rate on the cloud top radiative flux. Our
approach is to examine the neutral stability of the
layer for a range of realistic choices of 5., «;, and
ve. While we can’t predict particular combinations
of these parameters without a full model of
the base-state evolution, we can show that a
preference for small-aspect ratio modes is charac-
teristic of a broad range of (4, 5) values, and we
can contrast these modes to those generated
beneath a rigid upper boundary.

3.1. Cooling beneath a rigid lid

Fig. 5 shows the neutral stability curves found
by solving for the eigenvalue Ra in (23) with the
growth rate ¢ set to zero. The curves identify the
forcing required to initiate convection for a par-
ticular aspect ratio and set of boundary conditions.
Positive growth rates ¢ > 0 will be produced for Ra
larger than the Ra,,, given by the neutral curves.
There are three sets of curves in the figure: solid
lines give the stability of a linear (1 = o0 ) base state
for a free-slip (1) and no-slip (2) upper boundary;
dotted lines compare the stability of a piecewise-
linear unstable layer (3) (see the dotted line,
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Ra/Racritg

aspect ratio

Fig. 5. Marginal stability curves for a rigid, conducting
free-slip or no-slip boundary at z = 1 and a rigid, conduc-
ting, free-slip boundary at z =0, with various values of
the length-scale 4 for the base-state 5, shown in Fig. 4:
(1) linear (1= o), free-slip, a ., = 2.8; (2) linear, no-slip,
a.i =2.5; (3) exponential, 1=0.12, no-slip, a.; =2.1;
(4) piece-wise linear, free-slip, a.;, = 2.6; (5) exponential,
A=0.04, free-slip, a.; =2.5; (6) exponential, 4 =0.06,
no-slip, a.;, =2.1; (7) exponential, 4=0.04, no-slip,
agi = 1.9. All curves scaled by Rao = 657.

Fig. 4) and an exponential base state (4, 1 =0.04)
for a free-slip upper boundary; and the dashed
lines show the stability of exponential base states
for three different unstable length scales ((5)
A=0.12, (6) A=0.06, (7) A=0.04) with a no-slip
rigid lid.

The figure caption lists the accompanying criti-
cal aspect ratio, a;, for which Ra.,;, is minimum,
for each base state. While the critical Rayleigh
number increases as the vertical depth of the
instability decreases, there is relatively little impact
of cooling depth on the base state critical aspect
ratio. Each of the base states has a preferred aspect
ratio greater than 1.9, with shifts in cooling depth
from A= to 1=0.04 producing less than a
10% change in a ., (see lines 3, 6, 7). Fig. 5 also
provides an illustration of the general result that
the mode convection is not sensitive to the details
of vertical profile of 5 ; exponential and piece-wise
linear base states (4) and (5) produce nearly iden-
tical critical aspect ratios for the same approximate
cooling depth, and replacing the exponential base
states 3, 6, 7 with piece-wise linear unstable layers
of depths 70, 90, and 150 m respectively also yield
similar stability curves (not shown).

We can use the mode energy budgets at large
and small aspect ratios to identify the mechanisms
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responsible for damping the growth at large
horizontal scales under a no-slip inversion. In
Fig. 6 we display the mode buoyancy and velocity
perturbations for two growing modes with Ra
fixed at 100 Ra_, cooling depth A=0.06 and
aspect ratios of 2 and 0.8, respectively. The figure
shows the buoyancy b(z) and the vertical velocity
w(z), normalized so that the integrated fluxes
calculated from these curves produce the buoyancy
production P and the dissipation D defined in (29).
P, D and the resulting growth rate =P+ D
are listed on the figures, and the &, profile
(with A= 0.06) is shown as a dashed line to give the
vertical scale of the cooling depth.

Comparing the no-slip (upper) and free-slip

a=2, no-slip a=0.8, no-slip
b' (dotted) b' (dotted)
-300 -100 0 -600 -300 0
1.5 1 a) 1.5 1 b)
0=32 0=45
P=77 P=1 70
= -45 =-125

-0.5
w’ (solid)

06 -02 -1.5

w’ (solid)

Fig. 6. Velocity and buoyancy perturbations w(z), b(z)
for growing modes at aspect ratio 2 (box a) and aspect
ratio 0.8 (box b) at 1=0.06, and Ra = 100 Ra_;, with a
no-slip rigid upper boundary and a free-slip lower
boundary. Solid line: w(z); dotted line: b(z); dashed line:
base state 5, below the rigid lid.
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(lower) boundaries in Fig. 6a shows that the
no-slip boundary forces the velocity perturbation
away from the rigid lid and out of the radiative
cooled layer when a=2. For the smaller aspect
ratio of panel 6b the effect is reversed; the maxi-
mum for the velocity perturbation has increased
from z=0.6 in panel 6a to z=0.76. As a result,
the buoyancy flux and the integrated buoyancy
production P are more than a factor of two greater
for a=0.8 than for the large aspect ratio mode.
The smaller mode is more dissipative, but the
increased buoyancy production results in a growth
rate increase from o =32 to g =45.

3.2. Cooling beneath a cloud-top inversion

The effect of replacing the rigid lid with the
inversion of Fig. 2 is shown in Fig. 7. In this section
we will focus on the cloud-top inversion, extend
cloud base to the surface, and take a(z)=aouq
from the inversion to the ground. The impact
of an additional transition « at cloud base will be
discussed in Subsection 3.4. The dashed lines
reproduce two of the no-slip rigid lid stability cur-
ves from Fig. 5 for comparison; in the presence of
an inversion all cooling depths have critical aspect
ratios a.;, between 0.7 and 1.25. Large aspect ratio
convection is suppressed, particularly for cooling
layers that are limited to the upper portion of the
boundary layer. For instance, in an inversion-
capped cooling layer with 1 = 0.04, at a convective
forcing of Ra =200 Ra_;,,, only modes with an

2004

1501 x=o.o'i? (no-slip)
1001
3
o

50

04— 6,12 (no-slip) _
0 1 2 3 4 5 6

aspect ratio

Fig.7. Solid lines: marginal stability curves for 5 dif-
ferent cooling depths (4 =0.04, 0.05, 0.06, 0.75, 0.12),
thermodynamic profiles as in (2c), scaled by Ra o=
657, for the inversion of Fig. 2. Dashed lines: the stability
curves for a no-slip rigid upper boundary at z=1 with
A=0.04 and 1=0.12.
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aspect ratio less than 2.3 will be unstable to
infinitesimal perturbations. If the inversion is
replaced by a no-slip rigid lid (dashed line, Fig. 5),
the range of unstable aspect ratios extends to a = 6.
As the cooling zone deepens, this localization
becomes less and less of an advantage, until, for
unstable layers deeper than A =0.12, there is little
difference between modes driven from cloud top
and those that arise from an unstable region
spanning the entire layer depth.

The velocity and buoyancy perturbations for
two growing modes are shown in Fig. 8 for
the same conditions as Fig. 6: Ra =100 Ra_;,,
A=0.06, the inversion of Fig. 4, and aspect ratios
of a=2 and a=0.8. Compared to a no-slip rigid
lid, the inversion-capped layer has both a higher
growth rate (o = 83, panel b)) for the small aspect
ratio mode, and a lower growth rate (¢ = 23, panel
a)) for the large aspect-ratio mode at this forcing. -

a=2, inversion a=0.8, inversion

b’ (dotted) b’ (dotted)
-200 200 600 -1000 1000
1.5 a) 1.5 1 b)
0=23
P= 55
D=-32
11 11 ..
\ A
\ \
] ]
] )
N 1 N 1
] 1
1 ]
1 1
1 1
1 1
1 ]
1 )
0.5 4 ! 0.5 1 !
| i
] 1
1 ]
1 1]
1 1
! 1
1 1
1 1
1] )
1 \
1
H 1
H 1
O 4 H 0 4
-1.0 -06 -02 -1.5 -0.5
w' (solid) w' (solid)

Fig. 8. As in Fig. 6 but for the inversion of Fig. 2 at
A=0.06, and Ra=100 Ra_;,. Solid line: w(z); dotted
line: b(z); dashed line: base state 5, below the inversion.
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The inversion confers a growth advantage on the
small-scale convection (and exacts a penalty for
the a=2 mode) by changing the height of the
buoyancy perturbation maximum. It has dropped
from z = 0.85 (panel 6a) to z=0.8 (panel 8a) for
a=2, and risen from z=0.88 to z=0.9 for a=0.8
(panel b). Moving the buoyancy perturbation
further into the unstable layer in Fig. 8b increases
the magnitude of b(z) and the buoyancy produc-
tion P by 25% compared to the same aspect ratio
convection beneath a rigid lid. Dissipation for the
a=0.8 mode increases slightly, and there is some
buoyancy consumption within the inversion for
both modes in Fig. 8, but the cumulative impact of
the inversion is to produce more rapidly growing
modes at smaller aspect ratios than are generated
by the same unstable layer capped by a rigid lid.
These results are not sensitive to the shape of
the base state s, ; replacing the exponential with
a piecewise-linear base state of equivalent depth
and the same inversion strength and thickness
preserves the selection of small-aspect ratio modes.

3.3. Sensitivity to inversion strength and inversion
depth

We have so far fixed both the inversion strength
f, and the shape functions v; and «; which control
the transition between the cloud and the inviscid,
stable layer. Relaxing the transition depth or
reducing the inversion strength can be expected to
decrease the impact of the inversion on mode selec-
tion, as the buoyancy perturbations associated
with the thicker inversions become less tightly
defined, and the perturbation maxima are pushed
below the radiatively-cooled zone and the
buoyancy flux is reduced.

The balloon-borne measurements of Caughey
et al. (1982) show the depth of the “entrainment
interface layer” separating the turbulent and non-
turbulent air near cloud top can vary between
1-10 m, and the effective interface, averaged over
small-scale cloud top undulations, may be larger
than that. It is also possible that cloud top could
exhibit a range of values of a .4, depending on
the details of the entrainment process and the
energy and vapor contrasts across the inversion.
Changes in the cloud top character of either
of these variables will influence (23) primarily
through the derivatives da/dz, dv¢/dz. In Fig. 9 we
show the sensitive of a; to a 50% reduction in
da/dz, and dv¢/dz, and to variations in the inver-
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Fig. 9. Contour plot of aspect ratio a as a function of
inversion Brunt-Viisild frequency (f,=/(g/8.)d0,/
dz (s72)), and the vertical derivative of the shape func-
tions dv¢/dz, da/dz.

sion strength in the range 2 K/100 m <d7/dz <
8K/100m (0.001s~ %< f, <0.003s72). The
values of a.;, vary by approximately 20% across
this range of parameters, with the aspect ratio
increasing as the inversion is thickened and
weakened. All critical aspect ratios are less than
50% of the critical aspect ratio for a no-slip rigid
lid with A = 0.04.

3.4. Sensitivity to cloud depth

For simplicity, the base states of Subsection 3.2
had a transition between cloud and clear air only
at cloud top, i.e., they were cloudy from the inver-
sion to surface. In the marine boundary layer,
observations (e.g., Paluch and Lenshcow, 1991;
Nicholls and Turton, 1987; Betts, 1989) indicate
that the layer is frequently not well-mixed, as solar
heating at cloud base decouples the cloud from
its source of heat and moisture. As a simple
approximation to this situation, we set « = 0 below
cloud base (see Fig. 2) to force the sub-cloud
buoyancy flux to zero. The inversion strength, «
and v; are kept as in Fig. 2, with 1 =0.06.

Forcing the buoyancy flux to zero in this way
introduces an additional penalty for large-aspect
ratio modes that extend below the cloud layer.
This is apparent from the shift in @, in Fig. 10;
it is reduced from a; = 0.81 to a.,; =0.53 as the
cloud thickness approaches Az =0.25 (z , =0.75).

Fig. 11 shows the perturbation modes with
cloud base z,,=0.7 and a forcing of 100 Ra_.
These modes can be compared directly with those
of Fig. 8: the imposition of a cloud base at z=10.7
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Fig. 10. Marginal stability curves as a function of cloud
base height z, (shown to the left of each curve) for
exponential 5, profiles with 4= 0.06, and an inversion
strength of 6 K/100 m.

has decreased buoyancy production for a = 2 from
P = 57 to P = 18, while it is essentially unchanged
(from P =222 to P=213) for the smaller a=0.8
mode. With the decoupled cloud base, the mode
dissipation at a=0.8 has increased slightly,
requiring larger forcing to initiate convection, as
indicated by the larger critical Rayleigh numbers
in the stability curves of Fig. 10.

4. Discussion

We have examined the impact of the upper
boundary condition on the onset of convection
in an idealized, radiatively-cooled stratocumulus
cloud. This analysis was motivated by observa-
tions of pattern-form convection at cloud top,
which suggest the presence of a scale-selection
mechanism acting to organize updrafts and down-
drafts in these clouds. Although the linearized
Boussinesq equations cannot represent the funda-
mentally non-linear interactions that stabilize
growing convection at finite amplitude, a linear
stability analysis can provide a benchmark for the
impact of the upper boundary on the linearly
unstable modes. Our results indicate that, for typi-
cal inversions overlying an unstable upper cloud
layer, the forcing required to initiate convection,
and the range of aspect ratios excited at a par-
ticular Rayleigh number, are strongly affected by
the upper boundary.

By considering only the separable solutions to
the linearized Boussinesq equations, we eliminate
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a=2, base=0.7 a=0.8, base=0.7
b (dotted) b (dotted)
-200 0 200 -1000 1000
1.5 ; a) 1.5 ; b)
L =11 i 0=65
P=18 P=222
= -29 = -147

05 0.5

-1.5 -0.5
w (solid)

-1.0 -04

w (solid)
Fig. 11. Non-dimensional perturbations w(z) (solid),
and b(z) (dotted), for growing modes on a base state with
cloud base at z = 0.7, A =0.06, Ra = 100 Ra_,. (a) aspect
ratioa=2, (b)a=038.

the possibility of horizontal transitions between
saturated and unsaturated air. Although this is
fundamental to the scale selection process in con-
vection in partially cloudy layers (Laufersweiler
and Shirer, 1989; Van Delden, 1988), it is not
difficult to find unbroken, completely saturated
stratocumulus cloud sheets, and we have limited
ourselves to these clouds in this analysis. We also
assume that the combined effect of the energy and
total water fluxes on the layer buoyancy can be
represented through a height dependent propor-
tionality constant, . This is most appropriate for
a cloud layer with small surface fluxes of energy
and water; the assumption is weakest in the sub-
cloud layer, where energy and water perturbations
contribute equally to the buoyancy flux.

The perturbation equations do not include
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interactions between the velocity perturbations at
the inversion and the entrainment of inversion air.
This would be a particularly serious omission if
entrainment was destabilizing, i.e., if entrainment
events released kinetic energy and enhanced
turbulence at the inversion. Numerical models of
entraining eddies (e.g., Siems and Bretherton,
1992) indicate that, for stratocumulus inversions,
this is not the case, and that entrainment consumes
the turbulent kinetic energy of the entraining
eddies. Our stability analysis complements a
model of entrainment across an undulating
stratocumulus interface by Breidenthal and Baker
(1985) which takes as its input the dominant
aspect ratio, a.;, and the depth and intensity of
the radiative cooling, and predicts the entrain-
ment due to engulfment of inversion air in the
valleys between the undulating “hummocks” of
wavelength a; . Intermittent entrainment events
located in these valleys would tend to reduce the
inversion-cloud density difference and therefore be
potentially stabilizing, but Breidenthal and Baker
use a simple two-layer model of the undulating
interface to show that radiative cooling dominates
the layer energetics, and that a passive treatment of
the entrainment still produces vertical velocity per-
turbations that are a close fit with the observations
of nocturnal clouds.

Within a range of conditions typical of marine
stratocumulus, the neutral stability curves and
growing modes presented in our sensitivity tests
show that an inversion damps the growth rate of
modes with aspect ratios >1, and accelerates the
growth of smaller aspect ratio modes, relative to a
boundary layer capped by a rigid lid. This damp-
ing can be large: the growth rate at a forcing of
100 Ra_, an aspect ratio of 3 and a cooling
length 4 =0.05 is o =39 for a free-slip lid, o =11
for a no-slip lid, and to ¢ = — 16 for an inversion.

In addition to exacting a penalty from large
aspect ratio modes, a strong inversion produces
more rapidly growing small aspect ratio modes,
with perturbation profiles localized near the top of
the radiatively cooled layer. This means that the
layer will become unstable at slightly lower
Rayleigh numbers for an inversion than for a rigid
lid. For A=0.05, convection under the capping
inversion of Fig. 7 begins at Ra_; =34 Ra_,, and
agi = 0.73, compared with Ra_, =36 Ra_;, and
A,y =20 for a rigid lid. Associating this forcing
with a critical energy difference ¢, AT, requires a
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value for the eddy viscosity v,; taking 5 <vy<
10m?s~! yields a convective forcing 0.03 K <
AT, <0.1 K, close to the buoyancy contrast
observed in the convective plumes of Fig. 1.

Although the calculation of the aspect ratio
actually selected by cloud top convection requires
a non-linear treatment, these results indicate that
the cloud-top boundary should play an important
role in determining an energetically favored length
scale for the convection. If the Rayleigh number
required to initiate convection is close to the forc-
ing available in radiatively cooled layer clouds, the
possibility of scale selection is increased, as only a
relatively narrow band of modes can become
linearly excited and grow. The marginal stability
curves shown above suggest that the aspect ratio of
these unstable modes will be close to 1, in agree-
ment with the observations of organized cloud top
convection presented in Section 1.

There is relatively little observational evidence
on conditions that favor a dominant convective
length scale at cloud top. The results presented
above (e.g., Fig. 7) suggest that the range of aspect
ratios of linearly unstable modes increases rapidly
as the unstable layer deepens. Thus, strong surface
fluxes could make the process of scale selection
more difficult, as the depth of the unstable layer
is increased, the critical Rayleigh number is
decreased, a greater range of unstable linear modes
can grow, and the layer is moved farther away
from the small amplitude regime near the critical
Rayleigh number. Opposing this is the tendency
for sub-cloud stabilization and decoupling to
produce small aspect ratio convection as demon-
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strated in Subsection 3.4. A layer at the beginning
of a transition from solid stratocumulus to broken
cumulus might be expected to produce convection
at smaller aspect ratios for this reason, but once
the cloud layer begins to break up the impact of
horizontal transitions between cloud and clear air
would dominate the layer thermodynamics and
dynamics.

Ideal conditions under which to find scale selec-
tion might occur during the evening transition
from solar heating and longwave cooling to
cooling alone in a fully cloud boundary layer.
At mid-lattitudes a 50 W m~? reduction in the
downward solar flux can occur within 45 min in
the early evening. This change is localized to the
upper 100 m of the cloud, and could drive the
layer Ra_,, upward in the absence of destabilizing
surface fluxes. The observations of convective
organization by both Caughey and Kitchen
(1984), (Fig. 1), and Nicholls and Leighton (1986)
approximate these evening conditions.
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